Abstract. In a recent paper, Folsom and Ono constructed a canonical sequence of weight 1/2 mock theta functions and a canonical sequence of weight 3/2 weakly holomorphic modular forms, both using Poincaré series. They show a remarkable symmetry in the coefficients of these functions and conjecture that all the coefficients are integers. We prove that this conjecture is true by giving an explicit construction for the weight 1/2 mock theta functions, using some results found by Guerzhoy.
Introduction and statement of the results
In a recent paper (see [2] ) Folsom and Ono constructed two canonical sequences of power series, using Poincaré series. One sequence consists of weight 1/2 mock theta functions, the first being the Ramanujan mock theta function (of third order)
In [1] and [7] we can find a description of the modularity of this function. The other sequence consists of weight 3/2 weakly holomorphic modular forms. Folsom and Ono show a remarkable symmetry property of the coefficients of the functions in these sequences. They also conjecture that all coefficients are integers.
In [4] Guerzhoy shows that the coefficients are all rational. He also gives a bound on the denominator. Here we go one step further and show
Theorem 1. Let m ≤ 0 be an integer and let
be the q-expansion of the mock theta function H + 0,m as in [4] . Then all the numbers a m (n) are integers. For convenience we will adopt the notation used by Guerzhoy. His idea is to construct certain weakly holomorphic modular forms F m . Combining his Propositions 1 and 3, we get properties for these F m that turn out to determine them completely. 
and has the expansion
We construct in a direct way, using an explicit basis for certain spaces of modular forms, functions with the same properties. From the construction it is immediately clear that these functions have integer coefficients. This implies that all coefficients in the Folsom-Ono grid are integers.
In Section 2 we'll give some results on holomorphic modular forms on Γ 0 (2). In Section 3 we'll then prove Theorem 1 and Proposition 3.
Modular forms on
Note that Γ 0 (2) is the subgroup of SL 2 (Z) generated by the elements ( 1 1 0 1 ) and
So to show that a function f is a modular form on Γ 0 (2), we only have to check that f is 1-periodic and that
where we use the notation from [5, p. 17] for the classical Jacobi theta functions
with q = exp(2πiτ ) and w = exp(2πiz). Also we define Z := Θ Remark 5. These functions are not independent, since they satisfy Θ 0 + Θ 1 = Θ 2 , but we don't need independence here.
Using these theta functions we can construct a basis for the space of modular forms on Γ 0 (2).
These A k,l have integer coefficients and
Remark 7. We only give a basis for weight 4k + 2, since this suffices for the proof of Theorem 1. and we can easily check the expansion
Using these properties, it is easy to see that (Θ 1 + Θ 2 )/2, Θ 1 Θ 2 and Z are holomorphic modular forms with integer coefficients of weight 2, 4 and 4 respectively on Γ 0 (2) and that
From this we get that the A k,l are indeed modular forms of weight 4k + 2 on Γ 0 (2), with integer coefficients, that satisfy equation (2.1). From this equation we immediately see that the A k,l are linearly independent. From the identity
we see that
Proofs of Theorem 1 and Proposition 3
The transformation properties and the expansion in Proposition 3 follow directly from Propositions 1 and 3 of [4] . To prove the uniqueness, we consider the following theta functions of weight 3/2, as in [4] and [7] :
These theta functions have the modular transformation properties ⎛
If we now define
then we get from the transformation properties and the expansion of F m that Ψ m transforms as
If we have two functions Ψ m andΨ m that have these transformation properties and both have an expansion as in equation (3.2), then their difference again has the transformation properties as in equation (3.1) and has the expansion
If we take the product of the three components of Ψ m −Ψ m , then we get a holomorphic modular form of weight 6 on SL 2 (Z), which is O(q) and hence is zero. By equation ( [4] and the fact that the holomorphic part of H 0,0 , which is the Ramanujan mock theta function f given in the introduction, has integer coefficients, we get that all the coefficients in the Folsom-Ono grid are integers.
Note that this construction allows us to determine F m explicitly for a given m; for example, using PARI/GP (see [6] ) we found 
